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1. Introduction

It has been known that there are problems in the construction of consistent interactions
for massless higher spin gauge fields, though there are physically acceptable free field
Lagrangian for them [l]-f]. The Lagrangian can be obtained by postulating the gauge
invariance which eliminates unphysical degrees of freedom []. A large amount of work has
been done to construct interacting massless higher spin gauge field theories. Many attempts
of them have encountered difficulties associated with requirements of gauge invariances [[f—
[[{], though there are some consistent interacting theories [[1]-[[J. It is worthwhile to try
to build interacting massless higher spin gauge field theories by a new approach.

In the previous paper [[4], we have studied a matrix model as a new approach to
formulate massless higher spin gauge field theory. As a first step towards constructing
the theory, we have shown that the free equations of motion of bosonic massless higher
spin gauge fields can be derived from those of the matrix model. This is based on a
new interpretation of matrix models [[§]. In [[[g], the authors have introduced a new

interpretation of matrix models, in which matrices represent differential operators on a



curved spacetime, and have shown that the vacuum Einstein equation can be obtained
from the equations of motion of a matrix model. An advantage of this formalism is that
the matrix model possesses gauge invariances manifestly, which are embedded in the unitary
symmetry of the matrix model. Therefore it is interesting to analyze interacting massless
higher spin gauge field theory using the matrix model.

In this paper, we study the relation between a supermatrix model and the free 4D,
N = 1 supersymmetric field theory of massless supermultiplet with spins (3, 5/2) on
the basis of [Ld. In [id], the authors have extended the formalism in [[J] to include
supersymmetric field theories by replacing matrices by supermatrices in the matrix model.
Furthermore, they have shown that solutions of the equations of motion for the 4D, N =1
supergravity satisfy the equations of motion of the supermatix model. In this paper, we
generalize their analysis to higher spin gauge field theory of a massless supermultiplet with
spins (3, 5/2). In order to do this, we construct both on-shell and off-shell formulation for
the free 4D, N’ = 1 supersymmetric field theory of a massless supermultiplet with spins (3,
5/2) in terms of superfields.! We show that solutions of the equations of motion for the
supermultiplet satisfy the equations of motion of the supermatrix model. The formulations
are quite similar to the superfield formulations of supergravity: In on-shell formulation,
the equations of motion for the supermultiplet can be expressed as a constraint on field
strengths. The superspace Bianchi identities subject to off-shell constraints are solved and
superfield strengths are expressed by a set of superfields.

There are two ways to construct superfield formulations of supersymmetric field the-
ories [[[7]: (1) One way is to study the off-shell representation to determine the linearized
formulation in terms of constraint-free superfields and then construct covariant derivatives.
(2) Another way is to start by postulating the existence of covariant derivative, and then
determine what constraints they must satisfy and solve them in terms of a set of super-
fields. An off-shell superfield formulation of massless higher spin gauge field theory has

S

been constructed [[[§] in the way (1). The formulation we construct in this paper is in the
way (2).

There is another motivation for our study. Massless higher spin fields are expected
to appear in the tensionless limit of string theory, since mass squared of them are all
proportional to the string tension. On the other hand, matrix models are expected to be
a nonperturbative formulation of string theory. Therefore our study may lead to further
understanding of nonperturbative aspects of string theory.

The organization of this paper is as follows. In section 2, we briefly review the results
of [lf. In section 3, we construct an on-shell formulation of a massless supermultiplet
with spins (3, 5/2) in terms of superfield. In section 4, we study the relation between
a supermatrix model and the superfield formulation of the supermultiplet. We show that
solutions of the equations of motion for the supermultiplet satisfy the equations of motion of
the supermatrix model. Section 5 is devoted to conclusions and future works. In appendix
A, we summarize the on-shell constraints. In appendix B, we give the explicit forms of the

'In four dimensional spacetime, all higher spin fields can be described either by totally symmetric tensor
or totally symmetric tensor-spinor fields. In this paper, we will restrict our consideration to four dimensional
field theories.



superspace Bianchi identities subject to the on-shell constraints. In appendix C, we give
the results of the off-shell superfield formulation.

2. Supermatrix model

2.1 New interpretation of supermatrix model

In 1], a new interpretation of matrix models has been proposed in which matri-
ces represent differential operators on a D dimensional curved space. Matrices act as
Endomorphisms on a vector space, which means matrices map a vector space to itself.
On the contrary, covariant derivatives map a tensor field of rank-n to a tensor field of
rank-(n + 1). In order to interpret differential operators as matrices, we should prepare a
vector space V which contain at least tensor fields of any rank. In [[[g], the authors have
shown that such a space can be given by the space of functions on the principal Spin(D)
bundle over a base manifold M. Furthermore, they have considered the large N reduced
model of pure Yang-Mills theory as the matrix model. Applying this new interpretation
to the matrix model, they have shown that the vacuum Einstein equation can be derived
from the equations of motion of the matrix model.

However, supergravity cannot be embedded in the usual bosonic matrix model because
there are no Grassmann variables in the matrix model. Thus, in order to describe super-
gravity by matrix models, we need to extend V to include Grassmann variables. It has
been shown that this is implemented by extending manifold M to a supermanifold M and
taking V to be the space of functions on the principal Spin(D) bundle over M [L§]. In this
extension, matrices are replaced by supermatrices, and covariant derivatives are replaced
by supercovariant derivatives. In [[[f], the authors have considered the supermatrix model
which is obtained by replacing matrices by supermatrices in the Large-N reduced model
of pure Yang-Mills action,?

5= _%su([fta,ftb] A, ), (2.2)

where A, are hermitian and Grassmann even supermatrices with vector index. This action
has SO(D) Lorentz symmetry and superunitary symmetry U(N.|N,).> Applying the new

2We can consider the supersymmetric version of the supermatrix model, which is the supermatrix gen-
eralization of IIB matrix model [@],

§ = — LSt du ) LA4%, A] + 80Ty (A, W), (21)

where A, are Grassmann even supermatrices and ¥ are Grassmann odd supermatrices. This action has
global N = 2 supersymmetry, but we could not understand the meanings of global N' = 2 supersymmetry
of this model in the new interpretation. Thus, we restrict our consideration to (@)

3 An even supermatrix A can be written as

A1 Bl
_ 2.3
A (BQ AQ ) ’ ( )
where A; are N. X Ne, A2 are N, X N, bosonic matrices and By are N, X N., Bs are N. X N, fermionic
matrices.



interpretation to this supermatrix model, the authors have shown that solutions of the
equations of motion for the D = 4, N/ = 1 supergravity satisfy the equations of motion of
the supermatrix model.

2.2 Massless higher spin fields

Let us see that there is a possibility that the supermatrix model involves the degrees of
freedom of massless higher spin gauge fields. Before we begin discussing massless higher
spin fields, we explain our notations. The coordinates of a superspace M are expressed as
M = (2™ 0"), where 2™(m = 1,...,D) are bosonic and (i = 1,..., D) are fermionic
components. Dy is the dimension of spinor representation of Spin(D). Letters M =
(m, ) denote curved space indices and A = (a,«) denote local Lorentz indices. The
supercovariant derivative V 4 is defined as

Va=eaM(2) 0y +wn”(2)Ope), (2.4)

where esq™ (z) is the supervielbein and wac(z) is the superspin connection. Notice that
V 4 maps a rank-n tensor to a rank-(n+ 1) tensor and Oy, acts on the local Lorentz indices
of these tensors. Therefore we have

1
[Oaba vc] = 5(6acvb - 5bcva), (2-5)
[Oab7va] = (Vab)ozﬁvﬁa (26)

in this setting, which will be used later.
Since each component of supermatrices A, acts on the functions on the principal
Spin(D) bundle over M as an Endomorphism, in general, A, can be expanded as

. ) 9

Ao = 10+ 0a(2) + 5 {02 (), Vi) + 3 {(2), O} + S{eaP(2), V5V )+, (27)
where i and anticommutator {} are introduced to make A, hermitian supermatrices.
Terms higher than first order with respect to the operators V 4 and O, can be taken to be
symmetric (or antisymmetric) under permutations of the operators, because antisymmetric
(or symmetric) part can be absorbed in the term that is the lower order in V4 and O,p.
We consider the expansion as a sum of homogeneous polynomials of V 4 and O, whose
coefficients are identified with massless higher spin gauge fields. Coefficients of the first
order homogeneous polynomial will express gauge fields of the supermultiplet (2,3/2), and
those of the second order one will express gauge fields of the supermultiplet (3,5/2) and
so on. The number of independent components of higher spin gauge fields grows rapidly
with degree in V 4 and Og.

4The formulation which has been given in [H] is similar to the one we use in this paper. In [H], the
authors have introduced the differential one-form which is expanded in terms of the ordinary derivatives
and the Lorentz generators. Thus, the components of the one-form are close to the matrices (@) in the
case of flat spacetime. However, we can find two differences. One is that we have found the way to derive
the equations of motion of massless higher spin fields. Another is that we have introduced the terms higher
than second order in the Lorentz generators.



If the supermatrix model has the degrees of freedom of massless higher spin fields, the
gauge symmetries associated with those fields should be included. We find that the symme-
tries can be realized as the superunitary symmetry of the supermatrix model. Originally,
the superunitary symmetry is written as

5 A, = i, Ad, (2.8)

where A is a N X N hermitian supermatrix. In the new interpretation, A becomes a scalar
operator expanded in terms of V 4 and Ogp.

Let us check how gauge transformations are generated by A in the case of the super-
multiplet (3,5/2). In order to deal with this case, we need to keep track of the following
terms

Ag =iV, + gea,%(vbvc + V.Vy) + gea,cwvcvw +V Vo) 4 (2.9)
We take A as A = X7(V.V, + V,V,.), then (R.§) becomes
0As = (VX)) (Ve Vy + Vi V) + - (2.10)
Thus e,,“7 transforms as
deq, T =V AT 4. (2.11)
This can be considered as the supergauge transformation for the spin-5/2 field.

2.3 Superfield formulation

In order to study the relation between the supermatrix model and supersymmetric field
theories of massless higher spin supermultiplets, we should compare the equations of motion
of the supermatrix model with those of the supermultiplets. Since the local fields which
appear in (@) live in superspace, the equations of motion of the supermatrix model are
written in terms of superfields. Thus, we should write the equations of motion of massless
higher spin supermultiplets in terms of superfields to compare with the results of the super-
matrix model. Namely, we should construct a superfield formulation of the supermultiplets.
Recall that for supergravity, we can construct superfield formulation by starting with the
supercovariant derivative V4, and then imposing constraints on the field strengths which
are defined as the coefficients of the operators V4 and O, in the commutators of V4,

[V, V} = Cas®(2)Ve + Rap®(2)Oy. (2.12)

The equations of motion for supergravity are expressed as a constraint on the torsion tensor.
It seems that we can construct superfield formulation for supermultiplets of massless higher
spin fields in the same way. We consider (.7) as the supercovariant derivative with vector
index. We postulate the existence of the supermatrices with spinor index,

Ao = iVat aa(z)+ 5 107(2), Vbt £ {0a(2), Ose 4 S {eaC(2), VoVl (2.13)



We can regard that the supermatrices (R.7) and (R.1J) as the supercovariant derivative
for massless higher spin fields. The field strengths are defined as the coefficients of the
operators V4 and Oy, in the commutators of (2.7) and (P.13).

In the next section, we will construct superfield formulation for the free theory of a
massless supermultiplet with spins (3, 5/2) using this supercovariant derivative. Then, we
will compare the results with those of the supermatrix model.

3. Superfield formalism of massless supermultiplet (3,5/2)

Now let us construct a superfield formulation of the free 4D, N' = 1 supersymmetric field
theory of a massless supermultiplet with spins (3,5/2) by starting from the supercovariant
derivative (R.4) and (R.13). The construction is similar to supergravity: we should impose
constraints on superfields. One difference is in fixing gauge symmetries which act on
auxiliary fields to eliminate auxiliary component fields. As in the case of supergravity we
can construct on-shell and off-shell formulations. In this section we restrict attention to
on-shell formulation. We give the results of off-shell formulation in appendix C.

Before we begin our analysis, we review some facts about the component formalism
of massless higher spin gauge fields [f]. Totally symmetric tensor field of rank-s ¢, ..., ()
and tensor-spinor field of rank-(s —1) 94, ...a,_,,o(z) are used to express massless boson and
fermion system of a supermultiplet with spins (s, s — %)5 We can construct the theory of
Gay-a.(T) and g, ...q, , () by requiring that the theory has the proper gauge symmetries.
Let us postulate that the theory is invariant under the following gauge transformations:

00aya.(T) = 8(a1)\a2___as)(:c), (3.1)
51/1(11...%71704(%) = 3(a1§a2...a571)7a($), (3.2)

where the bracket () denotes symmetrization of the flat spacetime indices. The gauge
parameters Ag,..q,_; () and &q,...q,_o,a(z) are rank-(s — 1) totally symmetric tensor with
the traceless condition & bbal...as_S = 0 and totally symmetric tensor-spinor with the gamma-

traceless condition ('yb)aﬁfbal...as_g)ﬁ = 0, respectively. If we impose the additional double

2 /

traceless constraints ¢ .., . a1-as—s

= 0 and triple-gamma traceless constraints =0, we
can find that the gauge invariant free equations of motion for ¢g,...q, () and ¥, ...q,_;.a(x)
are

Wayeae = O¢ayay — 5901 (9 - D) ag.ay) + 5(5 — 1)0(q; Oay @, =0, (3.3)

a3 -as)
Qar--asﬂ,a = (a)aﬁwar--asﬂ,ﬁ - (3 - 1)8(a1 %az---as_ﬂ,a =0, (3'4)

where we use the notations (8- ¢)a,.a,1 = 960 ar--ay_1> Gayoans = P bar-as_s +(¥)apla =

(?)ap and Yoa = ('Yb)aﬁwbm---as_zﬁ-

The conventional formulations for free totally symmetric tensor and tensor-spinor
gauge fields have been originally derived by Fronsdal [I] and Fang-Fronsdal [, respec-
tively.

®From this section, Latin letters run from 1 to 4 and denote flat spacetime vector indices, and Greek
letters run from 1 to 4 and denote spinor indices.



3.1 On-shell formulation of supermultiplet (3,5/2)

In order to deal with the supermultiplet (3, 5/2) in terms of superfield, we keep track of
the second order homogeneous polynomial of the operators 9,, V, and O, in A 4:

-2
Ag =iV + iQGACD(Z)V0VD + %wAc’de(z)(VcOde + 04 Vo)

-9
+%mcdﬁf (2)(0dOes + OufOeq), (3.5)

where the supercovariant derivative in flat superspace is defined as

0
_ V. — S a &)
Vo = 0, T Hga "’1(7 )aﬁe Da- (3-6)

The commutation relations of the operators are given by
[8a,0b] =0, [8a7v04] =0, {Vowvﬁ} = 21’(7a)aﬁvaa (3-7)
1
[Oaba ac] = 5(5acab - 6bcaa)a [Oaba va] = (7ab)aﬁvﬁ- (3-8)

In this and the next subsection, in order to deal with free field theories we keep only terms

linear with respect to the component fields and use the flat supercovariant derivatives
defined above.
The dynamical fields which describe the supermultiplet (3, 5/2) are expressed as

¢abc (1') -
T;Z)ab,oz (:C) =

(ea,bc(z) + eb,ca(z) + ec,ab(z)) ‘9:07 (3.9)

(3.10)

N = W[

(ea,ba(z) + eb,aoz(z)) ‘0:0’

where e, 5.(2) are the coefficients of 9,0, and e, pq (2) are the coefficients of 9,V in (B.J).
As we will see, these relations can be understood by looking at the gauge transformation
properties of these fields. Local superfields appearing in (B.J) have too many unphysical
degrees of freedom to describe the physical system of the massless supermultiplet (3, 5/2).
Thus, in order to construct superfield formulation we must eliminate all the unphysical
degrees of freedom. This is implemented by carrying out the following two procedures

e Imposing constraints on the superfields.
e Fixing the gauge symmetries.
We will perform these procedures in order.

3.1.1 Constraints

There are three types of constraints.%

SThe constraints we impose in this subsection are summarized in appendix A. The superspace Bianchi
identities subject to the on-shell constraints are given in appendix B.



1. The first type of constraints are summarized as follows:

eap’(2)

B

0, (3.11)
(")aPeaps(2) = 0.

(3.12)

As we will see later, we find the gauge transformation laws for e, p.: deqpe = OaApe,
and for eq 5 1 0eqps = 0aps. Thus, these constraints are necessary to be consistent
with the traceless constraints on the gauge parameters A\’ = 0 and (7°),” &g = 0.

2. The second type of constraints are imposed on the field strengths. Field strengths
are the coefficients of the operators in the commutators of A, and A,, whose general
expressions are given by the following forms:

[Aa, Ap] = —iCag“P(2)VeVp
_%RABC’de(Z)(VCOde + O04Ve)

1
_§FABCd7ef(Z)(Ochef + Oefocd)- (3'13)

Cap,cp(z) are similar to the torsion tensor in supergravities because they include
the first order derivatives of the vielbein fields e, ;. and e, p, Wwith respect to z.
RAB,c.de(2) are similar to the curvature tensor because they include the first order
derivatives of the connection wy g ¢ with respect to z.” Fy B,cd,e f(z) have no analogy
in supergravities because they appear only for spin larger than 2.

We choose the following constraints:

Cab,Cd = Cabfyé =0, Caoz,Cd = C’aoz,fy(S =0, (314)
C’aﬁ,cd = 2i(7“)a56a6d, Cap,”” = 2i(v*)apea””, C’a@% = 22’(7“)0456@“/5,
(3.15)
Rab%Cd =0, Raa%ai = Oa RozB%Cd = 2i(7a)aﬁwa,%0d,
(3.16)
Fabcd,ef — 0’ Faacd,ef — 0, Faﬁcd,ef — 2i(7a)aﬁQa,Cd7ef-
(3.17)

The equations of motion for the supermultiplet can be expressed as the constraints
on the field strength:

Con = 0. (3.18)

3. The third type of constraints are imposed for the equations of motion to be symmetric
under permutation of the vector indices. The constraint Fpj .q.r = 0 implies that
Qa be,de(2) can be written as a pure gauge like configuration

Qa,bc,de(z) = aaXbc,de(Z)7 (319)

"In analogy with superfield formulations of supergravities, we can regard that the fields e, pc(z) and
wa,B,cd(2) are higher spin generalization of supervielbein and superspin connection.



where the parameter xpc q4e satisfies Xoe,de = —Xeb,de = —qued.S In order to make the
equation of motion for the spin-3 field to be symmetric under permutations of the

vector indices, we should impose

1

Xbede(2) = = 5W[b.d]de(2)- (3.20)

The constraint Ry ,qe = 0 implies that w,.q4(2) can be written as a pure gauge

configuration

wavf)/de(Z) = 8@n0d,“{(z)7 (321)

where 1.4~ satisfies 7cq, = —74cy. In order to make the equation of motion for the
spin—% field to be symmetric under permutations of the vector indices, we should

impose

Nedy (2) = —€le,d)(2)- (3.22)

Imposing the constraints (B.11]), (B.13), (B.14)-(B.13), (B.20) and (B.23), we obtain®

[-Am Ab] = _Z‘Cab,cv(z)acv'y - %Rab,qde(z)(acode + Odeac)a (323)

Mo Aa] = =5 Raa®"(2) (004 + Oac.)
{Aa, Ag} = —2i(7")apAa- (3.24)

With all these constraints, using the superspace Bianchi identities we can show that
the equations of motion for spin—% field

(’Ya)aﬁcab,c,ﬁ = 07 (325)
and for spin-3 field
Rab,c,da = O, (326)

are satisfied. These equations can be derived in the same way as in [I§, [[9).

So far, we have analyzed the elimination of the unphysical degrees of freedom by
imposing constraints. We have found that the equation of motion for spin-3 field (B.24) is
expressed in terms of the second order derivatives of e, . and the one for spin-3 field (B.29)

BQa’bade are called extra fields in the Vasiliev theory [EI] In this theory, these fields have been expressed
as the second order derivatives of dynamical fields by imposing appropriate constraints. Furthermore, these
fields have been used to construct higher derivative interactions. In this paper, we have imposed the
constraints (B.2() on Qg pe.de. As a consequence of the constraints, the extra fields have been expressed as
the second order derivatives of dynamical fields. Thus, it seems that the roles of the field are equal to those
in the Vasiliev theory. The only difference is that their theory has been formulated in AdS spacetime, while
our theory has been done in flat spacetime.

“Imposing the constraints, the commutators of A, are written as {Aa, As} = —2i(7")apAa —
i(7)apwa? — LRup" % Now, we define Rap™® = Rap”°? + 2(7*)apwa”°?. From the superspace
Bianchi identity , we can find that Rugs ,ca = 0, 50 {Aa, As} = —2i(Y")apAa.



is expressed in terms of the first order derivatives of e, j, respectively. They are symmetric
under permutations of the vector indices. However, these constraints are not enough to
eliminate all the unphysical degrees of freedom. The equations (B.4) and (8.3) are expressed
in terms of the totally symmetric tensor fields ¢qp. and 454, but the equations (B.29)
and (B.24) are expressed in terms of e, . and eq po, Which have parts that are not totally
symmetric. Thus, we should eliminate these degrees of freedom in order to show that the
lowest components of the equations (B-25) and (B-26) coincide with the equations (B.4)
and (B.3)), respectively. We will do these in the next subsubsection.

3.1.2 Gauge fixing

There are two kinds of gauge symmetries 1. dynamical gauge symmetries 2. auxiliary
gauge symmetries. A dynamical gauge symmetry has an action on a dynamical gauge
field defined in (B.9) and (B.1(), while an auxiliary gauge symmetry does not act on any
of the dynamical gauge fields. An auxiliary gauge symmetry generates shifts of auxiliary
gauge fields that are not determined in terms of the dynamical gauge fields by solving the
constraints. These undetermined components are exactly those which we have mentioned
in the last part of the previous subsubsection. Thus, we should eliminate these degrees
of freedom by fixing gauge symmetries. Recall that gauge symmetries are embedded in
the superunitary symmetry of the supermatrix model (2.§). We summarize the gauge

transformations as follows:
1. Dynamical gauge transformations
o A = )\%9,0, generates
deaqpe = Og e, O(others) =0, (3.27)

where the parameter A, satisfies Agp = Apq.

o A =¢%%9,V, generates
deapa = 0aba, O(others)=0. (3.28)
2. Auxiliary gauge transformations
e A= X“vbc((?aobc + Opc0,) generates
deqbe = S\b,ac + S\Mb, dwabed = 8a5\b,cd, d(others) =0, (3.29)

where A, j. satisfies Ay pe = —Ag cp-

o A= S\“b’Cd((’)ab(’)cd + O0cqOap) generates
5wa,b,cd = 5‘atb,cd + 5‘cd,ab7 5Qa,bc,de = 8a5\bc,de7 (5(0th€7"8) = 07 (330)

where Ay cq satisfies Aoy cd = —Apa,cd = —Aab,de-

,10,



o A= gab’a(oabva + VaOap) generates
66a7b704 = gab,ou 6wa7o¢,cd - aagcd,a, 6(0th€’l"5) = 0, (331)
where 5ab,oz satisfies gab,a = —gba@.

Under the dynamical gauge transformations (B.27) and (B.2§), the rank-3 totally sym-
metric tensor field ¢gp.(x) defined in (B.9) and rank-2 totally symmetric tensor-spinor field
Yab.o(z) defined in (B.10) transform as follows :

5¢abc(x) = 8a>\bc(x) + 8b>\ca($) + acAab(x)a (3'32)
5¢ab,a (1') = agb,a(x) + 8b§a,oz(x)- (333)

These correspond to (B.1]) and (B.9), respectively. They are consistent with the identifica-
tions (B.9) and (B.10).

As we will now show, using the auxiliary gauge transformations (B.29), (B.3()
and (B.31), we can eliminate the parts of €q,bc and e, p, that are not totally symmet-
ric in the vector indices, and we can express dynamical variable in terms of ¢4 and
Yab,o- We first fix the gauge symmetry (B.31)). Gauge fixing can be done by transforming
€aba — Capa = €aba T galw, with choosing the parameter gab,oz as

- 1 1 1
éab,a = —€ab,a + ¢ab,o¢ + 5(7a)ozﬁ¢b,6 - 5(71))0461%(1,6 - §7ab¢:x (3'34)

Carrying out this transformation, we can remove the part of e, o that is not totally sym-

metric in the vector indices. Substituting €, into the equation (B.24) we can show that
the equation

(Va)aﬁcab,cﬁ =0 (335)

coincides with (B.4). Next, we fix the gauge symmetries (B.29) and (B.30). Gauge fixing
can be done by transforming eq . — €abc = €ape + 5\b7ac + S\Mb and Wqpcd — Wabed =
wa7b7cd+5\ab7cd +5\cd,ab, by choosing the parameters Xa,bc and S\Gb,cd as we did in [[[4]. In [[[4],
carrying out the gauge transformation by those parameters, we have removed the part of
€q,be that is not totally symmetric in the vector indices, and have shown that the equation

Rab,c,da =0 (336)

coincides with (B.J). Thus, we have shown that with all these constraints and gauge fixing,
we obtain the free theory of the supermultiplet (3, 5/2).

Before we close this section, we comment on the generalization of what we have done
to a massless supermultiplet with spins (s, s — %) In order to deal with the supermultiplet,
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we keep track of the (s — 1)th order polynomials of the operators in V4 and Og:

Ag =1V 4+ (i)s_leA,Al"'As’l(z)VAl - Va,

7 s—1
+ (S)_ - wA7A1---As—2,b101 (Z){vAl R VA572(’)blcl}
(i)s_l Aq---As_3,b1c1,baca
* (S — 1)(8 — 2) QA’ , , (Z){vAl e VAS—?)OblCl Obgcz}
7 s—1 _
+ ( ) Q(l),A,Al As—4,b101,b202,b303(Z){VAl - vAsﬂ;Oblcl ObQCQObSCS}

(s=1)(s—2)(s—3)

(Z'js—l
(s —1)!

+ 0(873)’Ab101,...,bs—lcs—l (Z){Oblcl . (’)b8716571}. (3‘37)

From the discussion in this section, it seems that Q(i)(z)(i =1,...,s—3) are not necessary

to construct a superfield formulation of the supermultiplet (s, s— %) We set these auxiliary

fields to zero: Qi(z) = --- = Q,_3(z) = 0. Starting from this A4 we may construct a
1

superfield formulation of the massless supermultiplet (s, s — 5) using the same method as

the one we have employed in this section.

4. Supermatrix model

Now, with the superfield formulation of the massless supermultiplet (3, 5/2), we can com-
pare the results with those of the supermatrix model. Imposing the constraints in section
3, we obtain the equations of motion of the supermatrix model

[Aa’ [Aa’ Ab“ = [aa, Cab,cﬁacv'y + Raque(acode + Odeac)]
= (09Cp)0V 4 (Rap,©%) 0.0 4 (0 Rap,©%) (0.0 + Ogede) = 0(4.1)

The equation Rab,c’d“ = 0 coincides with (B.24)). BaRabf’de = 0 follows from the superspace
Bianchi identity (B.J) by contracting a and e. 0Cyp,7 = 0 is obtained by multiplying
(v*)7*V, to (B.J). Therefore, we have shown that solutions of the equations of motion
for the massless supermultiplet (3, 5/2) satisfy the equations of motion of the supermatrix

model (L.1]).

5. Conclusions and future works

In this paper, we have studied the relation between a supermatrix model and the free 4D,
N = 1 supersymmetric field theory of a massless supermultiplet with spins (3, 5/2) on
the basis of [[§]. In order to do this, we have constructed a superfield formulation of the
supermultiplet. Then, we have shown that solutions of the equations of motion for the
supermultiplet satisfy the equations of motion of the supermatrix model. It is difficult to
show the converse that is to derive the equations of motion for the supermultiplet from
the equations of motion of the supermatrix model. We may generalize what we have done
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in this paper to the supermultiplet (s,s — %) using the same method as the one we have
employed.

A superfield formulation of massless higher spin gauge theory in four-dimensional AdS
spacetime has been constructed in [RZ). In [R9, the authors have given the on-shell su-
perspace constraints. They have also shown that the linearized constraints describe the
free equations of motion of higher spin fields with cosmological constant. In the case of
the supermultiplet (3, 5/2), it seems that the linearized constraints are equal to those we
have imposed. The only difference is that we have formulated in flat spacetime, while
they have done in AdS spacetime. Their theory may be useful to construct interacting
supersymmetric higher spin gauge theories by matrix models.

There are several things which should be studied further. One is to investigate the
tensor fields which are not totally symmetric in the spacetime vector indices can be included
in matrix models. Viewed from matrix models, field strengths should be introduced as
independent degrees of freedom. There is a possibility that “field strengths” propagate as
tensor fields that are not totally symmetric. This possibility has been studied in [23]. The
authors have investigated that the fields appear as the coefficients of terms linear in the
covariant derivative and local Lorentz generators. They have found that some components
of the torsion can be identified with a scalar and rank-2 antisymmetric tensor field, and
have shown that the equations of these fields can be derived from that of a matrix model.
It is interesting to extend this analysis to the fields that appear as coeflicients of higher
order terms in covariant derivative and local Lorentz generators.

Another thing to be pursue is to construct the interacting massless higher spin gauge
field theory. Difficulties associated with the requirement of gauge invariance can be over-
come by using the matrix model because it has gauge invariance manifestly.
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A. Summary of constraints

1. Constraints on component fields:

eap’ = 0, (A1)
(")a"€aps = 0. (A.2)
2. Constraints on superfield strengths

Off-shell constraints:
Cab,Cd = Cab,fyé = 07 Caoz,Cd = C’aoz,mS = 07 (A?’)
CaB,Cd = 2i(7a)aﬁea,6da Cozﬁ,c,y = 2i(7a)aﬁea,c,ya Cozﬁ,ﬂ/(s = 2i(7a)aﬁea,76-(A-4)
Rap 7 = Ry =0, Rop™ = 2i(v) apwa, T (A.5)
Fab,Cd’ef — Faacd,ef — 0’ Faﬁcd,ef — 2i(7a)aﬁQa,Cd’ef- (AG)
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On-shell constraints:

Co =0
3. Constraints on “pure gauge” field:
1
Xbe,de = _gw[bc},dea
TNedyy = ~€e,d)y

B. Bianchi identities

We give the superspace Bianchi identities subject to the

straints (A1), (B3), B3), B4, B, B.9), B2, (B3 and @E.9).
L [Ag, [Ap, Al + [Ay, [Ac, Ad]] + [Ac, [Aq, Ab]] = 0 gives

8[aCbc} @ = 0,
R[ab,dﬁc] =0,
8[aRbc}d’ef = 0.

2. [Aa7 [-Aba-AaH + [-Aba [Aom-AaH + [Aon [-AayAb]] =0 gives
d s 1y ca 1, ca
22('7 )aﬁcab, + §Rba, o — §Raoz, Ty = 07
1
vacabcﬁ + §Rabc’de(7de)aﬁ =0,
vaRabc,de + aaRba,qde _ abRaa,qde — 0.
3. [Aa’ {Aa, Aﬁ}] + {Aa’ [Aﬁ’ Aa]} - {Aﬁ’ [Aa’ Aa]} = 0 gives
Raﬁ,c’de = O,
b cy 1 c,de ¥ 1 c,de ¥
2(7 )ozﬁc’ab7 + §Raﬁ, ’ (Wde)a + §Raa, ’ (Wde)ﬁ = Oa
Q(Vb)aﬁRabc’de + vaRa&c,de + vﬁRaa,c’de = 0.

4. [Aq, {Aﬁ7“4v}] + [-’467 {AMAa}] + [-’4% {AmAﬁ}] = 0 gives

Rias® " (ae))® = 0,
20" @8 Rar) ™ + V(o Ry ** = 0.

C. Solution of the Bianchi identities

(A7)

con-

In this appendix, we give the results of an off-shell superfield formulation for the theory

of a massless supermultiplet with spins (3, 5/2). To construct the formalism, we should

impose the off-shell constraints which reduce the number of components, and solve Bianchi
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identities subject to the off-shell constraints. We can find that the Bianchi identities reduce
the number of independent superfields to one complex vector field R,, one real symmetric-
traceless tensor G, and one chiral superfield W, ,3,. We can find explicit expressions for
the superfield strengths in terms of these superfields.

As in the case of supergravity, the lowest components of R, and G, with respect to

are physical degrees of freedom. The counting of field components are as follows:

Bosonic Gabe(®)  Ap(x)  Ra(x) Gap(z)

+20 -9 +8 +9 =28
Fermionic g0 () &aalx)
+40 —12 =28

Therefore, the number of bosonic and fermionic degrees of freedom are equal.

Here we use a two spinor notation of [R(]. The coordinates of flat superspace are
denoted by z4 = (2% 6%,0%). Latin indices a denote Lorentz tensor indices, Greek indices
(a, &) denote spinor indices. Covariant derivatives in flat superspace are defined as follows

V= Oa, (C.1)
0

Va == (97 +ZO' aoﬁ 80,, (C2)

Vi = _(9% —10%0° 46,04 (C.3)

We list the results of the off-shell constraints and the solution of superspace Bianchi
identities.

Constraints. We impose constraints on superfield strengths. The commutators of A4

can be written as follows:
) 1 e
[Aa, Ap} = —iCapPVeVp — §RABD’ H(VpOes + Oy Vp)
—%FABCd’ef(Ochef + O0cfOcq). (C.4)

We choose the following constraints on superfield strengths:

Cabed = Cabys = Cpp 5 = 0, Caayed = Caays = Cpry 46 = Coprs =0 (C.5)
Caped = Capds = Copas = Cap s = Capns = Caprs =0 (C.6)
Caced = 21(0%)adCacd, Cadds = 21(0")aa€a,ds (C.7)
Coans = 21(0")aaCans, Oy 5= = 2i(o )adem&;. (C.8)
Raps,.ca = 0, Raasecd = Rypjea =0, Ragscd = Rogjeq =0 (C.9)
Rogs.cd = 2i(0)aaWa,s,cd; (C.10)
Fapedef = 0, Foacdef =0, Fopedef = 21(0)acQa,cd,efs (C.11)
Raa,as,m =0, Caap sy =0, (C.12)

and their complex conjugates. Here, we define R_ s gy = (O'd)&;Rad7dﬁ,y and Caaﬁ sy =
(09)55Cacs.ay-
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Solution of the Bianchi identities.

1. Constraints on the superfields W, G and R

ViR = 0, (C.13)
VG, .5 = VBRI (C.14)
VaWe,prs = 0, (C.15)
o { 3 e
Vo Weaps +5(VgsGes” + VssGeg”) = 0, (C.16)
Glad = Gc,ac'va (017)
W a5 = Woaps (C.18)
G’Y"Yvad = (O-C)A/A/GC,CVO'[ = G(fya)(f\/a), (Clg)

and their complex conjugates.

As a consequence of the constraints (C.19), G, has only the traceless symmetric
components.

2. Torsion

C aBes = (Ja)adcaﬁ,c6 = _2i€[['3d€a5RCa (C.QO)

[e7

1
Caapes = (0")aaCapes = 7 (€asGepa — 3€8aGsa — 3€35Geaa),  (C.21)

4
TA/ 1 € €
Coappes = ~26apWapse — 5€ap(€5V Geea + €5,V G, 5)
1
+§€dB(VOCGc,65+v5Gc,a5)’ (C.22)
and their complex conjugates.
3. Curvature
Ro’zﬁ',cﬁé = 4(€dé655 + EBéEdS)RC’ (C.23)
Rspese = 0 (C.24)
Rad,c,ﬁé = EﬁaGc,6o'z + E(SaGc,ﬁo'm (C25)
i i

Roapese = §(€ﬁav5 +€35Va)Geea + §(€ﬁ5VE +€3:Va)Gesa

+i(esﬁ€a6 + eéﬁeae)chc,Cd, (C26)
R i
Roapese = 4i€paW 50 T §(€a5vﬁGc,aé + edévﬁGc,as)’ (C.27)
Radﬁﬁ7c,55gé = (Ua)ad(Ub)gg(Ud)(sg(ae)eéRab,ade (C.28)
= deapescX , (ap)5e) T A€ap€eX e (aB)(de)

~an®s: Ve @iy ~ AapacVeap)de) (C.29)
Yo emie = Yeberap) (C.30)
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Xe(aB)(5e) = _i(vaWcﬁ& + VWesea + ViWeeap + VWe aps)
+1i6(ﬁﬁ¢R1 + VEV(R,), (C.31)
U, (aoyiey = 5 (VgsGent + VosGase & VG o+ VaeGy )
+%(vgvﬁGc,aé +V§VaGepe + véVﬁGc,m‘; + vévaGc,m),(C.?Q)
and their complex conjugates.

All other components vanish.
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